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Abstract 
We prove that the self-complementary graphs having cyclic complementing permutation are 
Class 1 and that the regular self-complementary graphs are Class 2. We conjecture that a self- 
complementary graph is Class 2 if and only if it is regular. 
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1. Self-complementary graphs 
Graphs considered in the paper are without loops and multiple edges. For the set V 
we shall denote by k&(V) the set of 2-subsets of V. If G = (V;E) is a graph with 
the vertex set V, then the edge set E(G) = E is a subset of 95(V) and the graph 
G = (V; Pz( V) - E) is called the complement of G. The edge with end vertices a and 
b will be denoted by (a, b) or ab. 
The self-complementary graphs have been introduced independently by Sachs [4] 
and Ringel [3]. 
A graph G = (V, E) is said to be self-complementary if and only if it is isomorphic 
with its complement. The most important facts about the self-complementary graphs, 
which will be useful in reading the present paper are the following (the proof of either 
are easy exercises, cf. [4,3]): 
Let G = (V, E) be a self-complementary graph of order p. Then 
1. p=O, l(mod4) 
2. Let cp be a complementing permutation of G, i.e. a permutation on the set V(G) 
such that for every two vertices U, v E V cp(u)q(v) $ E if and only if uu E E. If 
q = 0, 0 . . . 0 ok 
is the decomposition of cp into disjoint cycles (cyclic permutations) then the length 
of every cycle ai equals 0 (mod 4), unless n is odd and one of the cycles has length 1 
(cp has a fixed point) while the remaining cycles have lengths 0 (mod 4). 
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If a self-complementary graph G has a complementing permutation that is a cycle, 
(P=(u1,v2,..., up) say, then we say that G is s. C.-cyclic. 
Note: A self complementary graph G may have many complementing permutations. 
In fact, if cp is a complementing permutation of G then, for every odd i, cp’ is 
also a complementing permutation of G (and an automorphism of G when i is 
even). 
If o is a complementing permutation of G then by rr* we denote the function 
defined on the set of the edges of G by the formula g*((i,j)) = (o(i),a(j)). When 
F is a subgraph of G then a**(F) = (a( V(F)); o*(E(F))). 
2. Coloring the edges of a graph 
Any function c defined on the set E is a proper coloring (or just coloring) of 
the edges of a graph G = (V,E) if and only if incident edges have different colors. 
The chromatic index x’(G) of G is the minimum k such that there is a coloring 
~:E+{ci,...,c~} of G. 
A very well-known result of Vizing [5] asserts that for every graph G 
d(G) 6 x’(G) < d(G) + 1, 
where d(G) is the maximum vertex degree in G. Graph G is said to be Class 1 if 
x’(G) = d(G) and Class 2 if x’(G) = d(G) + I. The problem of deciding whether 
a graph is Class 1 or Class 2 is known to be MY-complete (the classijcation 
problem) [ 11. 
3. Coloring the edges of a self-complementary graph 
It seems to be natural to ask: what can be said about the color class of a self- 
complementary graph? 
All the self-complementary graphs of order 4 or 5 are depicted in Fig. 1. 
It is evident that P4 and the bull graph are Class I while Cs is Class 2. 
A graph is said to be overfull when JEJ > ]I v]/2] d(G). Since every color in a proper 
coloring of the edges of G induces a set of independent edges %? in G, the cardinality 
of 9? is at most 11 VI/21 and, therefore, the overfull graphs are Class 2. The following 
is very easy to prove. 
Theorem 1. A self-complementary graph G is overfull if and only if it is regular. 
Since the regular self-complementary graphs have odd order and therefore no perfect 
matching, we have also 
Corollary 2. Every regular self-complementary graph G is Class 2. 
A.P. Wojda, M. ZwonekIDiscrete Applied Mathematics 79 (1997) 279-284 281 
r---l I 
p4 c5 
Bull graph 
Fig. 1. 
Observe that if a self-complementary graph G is regular then 
- it has an odd number of vertices, more precisely 1 V( = 41f 1, and 
- d(G) = 6(G) = 21. 
In the next section of this paper we prove 
Theorem 3. If G is a xc.-cyclic self-complementary graph, then G is Class 1. 
Motivated by these results we state 
Conjecture 1. A self-complementary graph G is Class 2 if and only if G is regular. 
4. Proof of Theorem 3 
Throughout the proof we shall suppose that G is a self-complementary graph with 
vertex set V={1,2,..., 4n) that has the cycle rr = (1,2,. . . ,4n) as a complementing 
permutation. Let N+ denote the set of non-negative integers and define 
r[mod4n] = min{s: s E N+ & s E r (mod 4n)). 
The number min{i - j [mod 4n], j - i [mod n]} will be called the span of the edge ij 
of G. We shall say that an edge ij is even if its span is even, otherwise ij will be 
called odd. 
A sequence C = (il, i2, . . . , i ,,il) of vertices of G, such that ij # ik for j # k, Gij+l 
E_!?(G) for i=l,. . . , m - 1, and iii, GE(G) will be called a circuit of length m (the 
term cycle will be reserved for cyclic permutations). 
Lemma 1. For every k, 0 d k < n - 1 the edges of the span 2k + 1 of G form 
a perfect matching of G. 
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Proof. Let e be an edge of span 2k + 1. Without loss of generality, we may suppose 
that e = (0,2k + 1) E E(G) (otherwise e’ = (1,2k + 2) E E(G) and one may repeat the 
similar arguments for this edge). A4 = {a*“(e): I = 0, 1, . . . ,2n - 1) = { (21,2k + 1 + 21): 
I = 0, 1, . . ,2n - 1) is the perfect matching of G containing all the edges of span 
2k+l. 0 
Lemma 2. Let k be an integer such that 1 d k < n - 1. If e = (i,i + 2k) is an edge 
of G, then G contains the circuit C, = (i, i + 2k, i + 4k,. . . , i - 2k, i). Call C, the circuit 
generated by e. 
l The length of the circuit C, equals I= [LCM(4n,2k)J/2k, where LCM(4n,2k) is 
the least common multiple of 4n and 2k. 
a There are in G d/2 vertex disjoint circuits C,, C,,*+,), . . . , Co,d-zcej, where d is the 
greatest common divisor GCD(4n,2k) of 4n and 2k. Moreover, if the length of C, 
is odd, then 2k = 0 (mod 4), and therefore k is even. 
Observe that, by the Lemma 2, we may ignore the odd edges. Let F be the set of 
all the odd edges of G. We shall color the edges of the graph G’ = G - F with d(G’) 
colors. 
Let Gdd be the subgraph of G’ induced by the set of the odd vertices 
{1+2i(mod4n): i E N*} and let G,,,, be the subgraph of G’ induced by the set 
of the even vertices (2i (mod4n): i E N*}. 
The following is evident. 
Lemma 3. (a) G’ is a vertex disjoint union of Godd and G,,,,. 
(b) Godd and G,,,, are regular graphs of even degrees. 
Since G’ is not regular, we have d(C&dd) # JG,,,,). Without loss of generality, we 
may assume d(G’)=d(G,,dd) > d(Ge,,,)=6(G’). 
By the mentioned theorem of Vizing, it is sufficient to prove that there is a proper 
Coloring of the edges Of Go&r with d(G,,dd) Colors. 
Let {ei: ei=(1,1+2ki), i=l,..., r} be the set of the edges incident with the ver- 
tex 1 in G and generating odd circuits. By the Lemma 2, ki are even for i = 1,. . . , r. 
Denote by Gi the subgraph of GOdd defined by 
V(Gi)={l+4j: HEN*}, 
E(GI)={a*4’(1,4ki): i=l,...,r; HEN*}. 
It is clear that Gi is edge disjoint union of odd circuits, so it is regular of even degree. 
Define G2 = o**~(G~) (so G2 is isomorphic with Gi and its vertex set is the set of 
vertices congruent to 3 (mod4)). We shall consider two cases. 
Case 1: G1 is Class 1. Let c : E(G1) -+ { 1,. . . , d(G1)) be a coloring of the edges 
of Gi with A(G1) colors. We extend the coloring c to the graph Gi U G2 by the 
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following formula: 
c(f) for f E E(G 1, 
w I= 
c(e) for f=cr*2(e), eEE(Gt). 
One may color the remaining edges of God,j applying the following algorithm. 
Coloring the remaining edges of Godd. 
Let f be an uncolored edge of GOdd of the least (even) span k, k 6 2n, and let a 
be the least color which is not incident with the end vertices of f. 
If k < 2n then the edge f = f, generates the even circuit Cf, C’ = fi f2,. . , fir fi, 
say. Then color the edges f 1, f3,. . . , ,fi,_, with the color a and the edges f2, fd,, . . . , f21 
with the color CI + 1. 
Observe that all the edges of the length k will be colored with two consecutive 
colors CI and x + 1. 
If k = 2n then color f with the color a. 
Case 2: Gt is Class 2. Let c : E(G1) + { 1,. . . , A( Gt ) + 1) be a coloring of the edges 
of Gt with d(Gt ) + 1 colors. 
Lemma 4. There is an integer io such that 2 6 4io + 2 d 2n and (1, 1 + (4io + 2)) 
E E(G). 
Proof (By contradiction). Let us suppose that (1,3 +4i) @E(G) for every integer i 
such that 2 < 4if2 < 2n. Then (2,4+4i) E,?(G) and (2,2 - (4i+2)) EE(G) for 
every i such that 2 < 4i + 2 < 2n. Moreover, since the vertex 2 is incident with that 
of the lengths 1,3,. . . , 2n - 1, we have d(2,G) 2 2n, contradicting d(2,G) < d(l,G) 
and d(l,G)+d(2,G)=4n- 1. 
Let io be the least non-negative integer such that (1,3 + 4io) E/Z(G). Observe that 
GZ = r~**(~~‘+‘)(Gt) and cr(4iof2) is an isomorphism of Gt onto G2. 
Extend the coloring c of the edges of G1 into a coloring of the edges of the graph 
Gt U G2 by the following formula: 
c(f) forf 6 E(GI ), 
Z(f )= 
c(e) forf = o*(4i0+2)(e), f E E(G2). 
Subcase 2.1: 4io + 2 < 2n. Every odd vertex u lies on the circuit Ct”,v+4i0+2) = 
(0, v + 4i0 + 2,. . . , v) generated by the edge (v, 4io + 2). By the Lemma 2 the circuits 
C(~,~+4i0+2) have even length, 2ko say. Let Gs be the union of all the circuits generated 
by the edges of the span 4io+2. We have A(G~UG~UG~)=A(GI)+~. 
Color the edges of Gs by the following algorithm. 
Suppose that the edges of a circuit Ccu,o+4ia+Z) are not yet colored. Without loss 
of generality, we may assume that v = 1 (mod 4). Let us denote ft = (0, v + 4i0 + 2), 
f, = a*(4i0+2)i( f 1) for j = 0, 1, . . . ,2ko - 1. We have [r(4ia+2)j(v) E V( G1 ) for j even 
and a(4’o+2)j(v) E V(G2) otherwise. Moreover, for j even there is a color Olj E { 1,2,. . . , 
d(Gr)+ l} such that neither (r(4’o+2)j(v) nor o(4io+2)(j+1) is incident with an edge of 
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the color Ej. So we may extend the coloring 2 of Gr U GZ to the graph Gr U GZ U G3 
colo&g each edge (o(‘%+2)j(u), &4iO+2)(j+‘) (u)) with aj when j is even, and with 
A( Gr ) + 2 when j is odd. 
Subcuse 2.2: 4is+2=2n. Then the set M={(2i+1,(2i+1)+2n): ieN+} is 
a perfect matching of G,,dd, and for every edge e EM both end vertices of e are 
not incident with the same color LX, from the set { 1,. . ., d(G1) + 1). So we may 
color the edges of A4 in such a way that the graph G” = Gr U Gz UM is colored with 
d(G”) = d(Gr) + 1 colors. 
To finish the proof it is sufficient to color all the remaining even edges of Godd, and 
it may be done like in the Case 1. 0 
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